Abstract. For words of length n, generated by independent geometric random variables, we consider the average value and the average position of the rth left{to{right maximum, for xed r and n ! 1.
Introduction
For a permutation 1 1 : : : n , a left{to{right maximum (outstanding element, record, : : : ) is an element j with j > i for all i = 1; : : : ; j ? 1. The number of left{to{ right maxima was rst studied by R enyi 13], compare also 10]. A survey of results on this topic can be found in 5] . In particular the study of records has applications to observations of extreme weather problems, test of randomness, determination of minimal failure, stresses of electronic components, etc.
Recently Wilf in 14] proved the formula (1 ? 2 ?r )n for the average value of the rth left{to{right maximum, for xed r and n ! 1; for the average position he obtained the asymptotic formula (log n) r?1 =(r ? 1)!.
In 12] the number of left{to{right maxima was investigated in the model of words (strings) a 1 : : : a n , where the letters a i 2 N are independently generated according to the geometric distribution with PfX = kg = pq k?1 , with p + q = 1. (We nd it useful also to use the abbreviation Q = q ?1 .) The motivation for this work comes from Computer Science. In this context records arise in the study of skip lists 11, 9] and probabilistic counting 2, 8] . Also, since equal letters are now allowed, there are two versions that should be considered in parallel, the standard version, and the weak version, where`<' is replaced by` ,' which means that a new maximum only has to be larger or equal to the previous ones. (r) n;j (r) n is the probability that a random string of length n has the rth left{ to{right maximum in position j. It is the same decomposition as before, however, we are not interested in the value h, so we sum over it. On the other hand, we label the position with the variable v, so we must make sure that every z that does not appear in the factor 1=(1 ? z) must be multiplied by a v. In other words, every letter up to the rth left{to{right maximum will be marked by v, which means that we have as many v's as the position. Computationally, we nd it easier to work with the parameter \position ?r." For that, we don't label the letters which are left{to{right We prefer this version since the variable v appears in fewer places, and the derivative with respect to v (needed for the expected value) produces fewer terms. In some places we have to assume r 2. This is no restriction since the position of the rst left{to{right maximum is obviously 1.
Some technical lemmas
In order to read o coe cients, we state the obvious but nevertheless very useful formula
In all our applications, P i a i b n i can be summed in closed form. We must often read o coe cients in iterated sums. To faciliate this, we state two lemmas that deal with all the situations we encounter. Our quantities will eventually come out as alternating sums, and the appropriate treatment of them is Rice's method which is surveyed in 4]; the key point is the following Lemma.
Lemma 3. Let C be a curve surrounding the points 1; 2; : : : ; n in the complex plane and let f(z) be analytic inside C. Then Extending the contour of integration it turns out that under suitable growth conditions on f(z) (compare 4]) the asymptotic expansion of the alternating sum is given by X Res ? n; z]f(z) + smaller order terms where the sum is taken over all poles z 0 di erent from 1; : : : ; n. Poles that lie more to the left lead to smaller terms in the asymptotic expansion. The range 1; : : : ; n for the summation is not sacred; if we sum, for example, over k = 2; : : : ; n, the contour must encircle 2; : : : ; n, etc.
3. The probability that there are r maxima
Now we want to read o the nth coe cients of the power series of interest. For this, it is bene cial to use the following formula: Now the evaluation of the inner sum can be done by our Lemma; k = n, r = s, A However, we only need the values f(0); : : : ; f(r ? 2).
In 6] we learn how such a sum should be interpreted: As with integrals, a (de nite) sum n of the rth left{to{right maximum in a random sequence of n elements, generated by geometric random variables is given by E (r) n = r p + O 1 n for xed r and n ! 1:
A full asymptotic expansion would be available, at least in principle, with more involved computations, as well as the variance. Again, as in all the examples that will follow, the lower order terms contain periodic uctuations of the form (log Q n).
In many instances, the limit q ! 1 produces the corresponding result for permutations.
Here Theorem 1 would yield in nity. In the instance of permutations, as we know from 14], we have something proportional to n. In a sense, this in meaningful, since no ( nite) constant would be appropriate. As we know from before, it is the \value" (the behaviour) of f (0) 
